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Page 6, column 1, line 2: The beginning of the sentence starting on
line 2 should be reworded to avoid the misinterpretation introduced
by the word "same." The revised sentence should read as follows:

Because of symmetry, similar equations result when equation (1) is
written for stringer j =1 at ring i =0 or for stringer
J=0 at rings 1 =0 or 1i=1.

Page 23, column 1, line 3: Add the symbol § before the equal sign
in the lower limit of tle summation appearing in this equation.
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STRESS ANALYSIS. OF CIRCULAR SEMIMONOCOQUE CYLINDERS WITH CUTOUTS'

By Hanvey G, McGoums, Jr,

SUMMARY

A method 7s:presenied for analyzing the stresses aboul cutouts
in circular semimonocogue cylinders with flexible rings. The
method involves the use of so-called perturbalion stress distri-
butions which are superposed on-the stress distribution that
would exist-in-the-structure with no cutout in such a-way as to
give the effcels of-a cutout. The method can be used- for-any
loading case -for whick the structure without the cutout-can be
analyzed and- is -sufficiently versatile to accounl for stringer
and shear reinforcement about the-cutout.

INTRODUCTION

An airplane fusclage usually has openings or cutouts for
entrance doors, cargo doors,-windows, and many other pur-
poses, The presence of such openings may result.in & con-
siderable redistribution of stress in the structure. Some
knowledge of this stress redistribution is desirable in the
structural design of fuselages near cutouts.

A large portion of -the structure of many fuselages-can be
represented, approximately, by a circular semimonocoque
cylinder, that.is, a thin-walled circular eylinder stiffencd by
stringers (axial stiffening members) and rings (circumferential
stiffening members). Some previous investigations.relating
to the problem of stress analysis of eylindrical semimonocoque
shells with cutouts were reported in references 1-to-4, One
limitation common to all.of these-analyses is that-the flexi-

a method of analysis which-can be used with more gencral
toading conditions and with either shear or stringer rein-
forcement about the cutout.

In veference 6 the stress perturbation technique is applied
to the analysis of stresses-about. cutouts in flat sheet-stringer
panels under axial load. Three basic unit perfurbation
solutions-were used as tools in this method of analysis. In-
purt Iof this report the analogous perturbation approach is
described for the stress analysis of circular-semimonocoque
evlinders with cutouts. The -three perturbation-solution
tools for circular semimonocoque cylinders anslogous to
those -for the flat sheet-stringer pancls of reference 6 are
developed in part 11 of this report.

SYMBOLS
A effective cross-sectional area of a stringer
A* cross-sectional -area of additional-portion of a

reinforeed stringer
Aa=3DB6"—1-4-cos né
=_:\J£!."_(Q (nz2)

2. sin %6
Et R

b=gi17

B =3B8-+2(1—cos ns)

b are distance-between stringers, 28

(Y]

bility of the rings or circumferential-stiffening members is | , __ 3afa(i) )
neglected.  In reference 5, Giealn discussed this limitation of sin M8 =
as well as certain other limitations in some of the previous - 2 .
investigations aud introduced the idea that the effcct of a (,__L’—ls"'
cutout ¢an be-reproduced by superposing certain perturba- I
tion stress-states-on the stresses which would oceur in the D 2(8,—1)
shell without-a cutout, T
The problem discussed by-Cieala-in reference 5 is-that of a D= 1
cutout in a cireular sernimonocoque eylinder which is long in WA rm <]
comparison to the length of the cutout. The analysis of | d, cocficient i trigonometric series_for 8,
reference-5 is-somewhat-limited beeause it can be used only | E Young’s modulus of elasticity
for loading conditions which produce stringer stresses longitu- | £y, tangential foree on ring { nmformly distributed
dinally antissmmetric about. the- center line of the cutout between stringer j and stringer j4-1
(for example, torsion), and it cannot. take into consideration | £,() cocflicient in trigonometric series for stringer
the effects-of-conming stringer reinforcement. ‘he present fonds
report:is un-extension of the approach of Cicala and presents | ¢ shear modulus of elasticity
fSupertedes NACA TN 3109, 1954 and NACA TN 3200, 1954 by Jlarsq, . McCotnb, Jr., and NACA TN 3450, 1938 by Hatvey (. McComb, Jr, and Eminet ¥, Jow, Jr, .
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In,¢)= 2 D, cos (rm+n)¢
P
IL(n,¢)= ﬁ_ (=1) D, sin (rm-$}n)é

I effective moment of inertin of a ring cross section

4,% longitudinal indices, indicating rings and bays

I has the value 1 when 4 is an integer and has-the
value 0-when % is not an integer

J circumferential indices, indicating stringers and
pancl rows

ks integers

L distance between rings

M(,¢) bending moment in ring i

AL, applied moment and torque, respectively (see
fig. 5)

m total number of stringers in cylinder, m=3

n index of terms in a trigonometric series

P external concentrated force in the longitudinal
direction applied to a stringer at its infersee-
tion with a ring, 1b

Py stringer load in stringer 7 at-ring 4

Pis basic stringer load in stringer 7 at ring {

puEm load in stringer j at ring £ due to a unit-concen-
trated-perturbation load on stringer » at-ring &

PilEnl load in-stringer j at ring 7 due to a vit shear
perturbation load about shear panel (£,9)

Q external shear force per unitlength applied about.
a shear panel, Ib/in.

qy shear flow in shear panel (i)

Ty basic shear flow 1n shear panel (i)

q1(Em) shear flow in shear panel (,j) due to a unit
concentrated perturbationJoad on stringer 5
at ring-§

qulénl shear flow: in shear panel (i,j) due to a unic
shear perturbation load about shear panel

s,

r radins to middle surface of sheet.

S external” force in the longitudinal direction
uniformly distributed along-that portion of-a
stringer- which lies between adjacent rings,-1b

Sn="2—ﬁ D’n2

T¢.9) thrust in ring 7

t thickness of sheet

t* thickness of additional portion of a reinforced
shear panel, that is, a doubler plate

v thickness of all material carrying bending
stresses in ¢ylinder if- uniformly distributed
around perimeter, A/b

24 total stress energy

V(i,¢) transverse-shear in ring 4

Ay Xany arbitrary constan(s

A3y Wis ) -

4432 <
sin? -;—

Fi=3+—130%;

_3_b#
2 gin2 B)fs-
T==24 50,
Ay second centrul difference in the 1 direction or
longitudinal direction, that is
A19() =g(i+1) =29 () +g(i—1)
) central angle between stringers, 2«/m
S Kronecker delta; takes the vealue 1 when r=g
and takes the value 0 when r»€s
i'n‘-'-‘:!:e“"n
Aimyd2n quantities defined immediately following equa-
tion (24)
¢ angular coordinate for rings

X,,-_-:é cos™! I:‘i"—g—-1 —\/ ('?-5;2*'41-):—7.’] (D, >1)
=} cosht [‘?sgl—\/(%ﬂ)?—vf] (Da<1)
.pl=‘l§ cosh™! [gi_:;l—i-\ ‘%'1)2—‘1,.’]

BASIC ASSUMPTIONS

A structure of the type considered in this-report is shown
in figure 1. It consists of a thin-walled- ciccular cylinder
stiffened by stringers in the-longitudinal direction and by
rings ia the circumferential divection. The rings and
stringers divide the thin-walled shell into rectangular panels
which are called shear panels.  The cutout is assumed fo be
rectangular—it removes an arbitrary number of shear panels
and interrupts the corresponding stringers.

Some loading conditions which can be handled with this
method of anaiysis are illustrated in figure 1. -Other loading
conditions-are permissible if- the stress distribution in the
cylinder without the cutout is known,

A typical purtion of the structure is shown in-figure 2 with
the index system used in this report to designate stringers,
rings, bays, and panel rows. Note that the intesection of

Froure-1.—=Circular semimonocoque cylinder with cutout,

;
< g o e e
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=2 1=t i e IEy]

Ring

ring 4 and stringer j occurs at-the-lower left-hand corner of
shear panel (1.j).

The analysis is based on the-following assumptions regard-
: -ing the properties of the structure:

- (a) The cylinder is long velative to the length of the cutout,

(b) The stringers are uniform-and equally spaced around
the shell,-and the sheet. is of constant thickness.

(¢) The-stringers earry only direct sfress, and- the sheet
takes only shear stress which_is-constant within cach shear
- panel; thus-stringer stresses-vary linearly between adjacent
rings.

(d) The rings are uniform and.have a finite bending stiff-
ness in their own planes, but they do not restrain longitu-
dinal displacements of the stringers. The bending of the
rings is inextensional.

{e) The difference hetween the radius to the middle surface
of the sheet and the radius-to the neutral axis of a ring is
negligible.

(f) The strueture is elastic and no buckling oq@urs.

I—ANALYSIS OF STRESSES ABOUT CUTOUTS BY A
PERTURBATION-LOAD TECHNIQUE

PERTURBATION STRESS DISTRIBUTIONS

The-tools for the method of analysis to he deseribed are
the stress-distributions due (o three types of loads, called
perturbation Joads, applied to an infinitely long circular
cylinder with no-cutout. -One perturbation load consists of
a concentrated force I” imposed on one stringer of the shell
at its intersection with a ring, the force acting in-the direction
of the stringer.  This load-is illustrated in figure 3 (a) and
is called the concentrated perturbation load,  A-sccond type,
illusteated-in-fgare 3 (b), s colled the distribufedporturhp-
tion load and consists of a forco S wniformly distributed
along the portion of one stringer which extends between two

adjacentrings, the force acting in-the dircction of-the stringer.

R L TR VR ——

Biiataamanad

The third type, shown in_figure 3 (c), is called the shear

i=2 il ; i+l ire

Fraure 2.~~Portion of typical eylinder.

pertwbation load- and consists of uniformly distributed
forces per unit length @ applied along the stringers and rings
that border one shear panel of the slicll; the forces acting.in
such a-way as to cause pure shear in thae-panel.

For each of the three perturbation loads, formulas are
developed in part 11-of this report-which give stringer-loads
in every stringer at each ring and shear flows-in each shear
panel of the shell, By use of these formulas, tables of coeffi-
cients can be computed which give stringer loads and shear

flows-in the neighborhood of cach perturbation load due to a

unit magnitude of -that load. Sueh- tables for a eylinder
having 36 stringers and various values of the structural
parameters B and C are presented as tables 1 to 30.  These
tables were ealeulated-on an 1BM Card-Programmes -Elee-
tronic Calculator. The application of these tables is not
limited to cylinders-with 36 stringers.  In general, the total
stringer area can-simply be redistributed into 36 fictitious
stringers.  The values of the parameters B and € are not
changed by such a redistribution of stringer area. Then:the
tables-can be thought of as presenting-(a) the load which-is
taken by all of the normal-stress-carrying material up to 5°
on either side of the location of a fictitious stringer nnd:(b)
the shear flows-at points in the sheet halfway between-fic-
titious stringers.

Part (n) of each-table contains the values of p,; and ¢, L
due to a concentrated perturbation load =1 on stringer
J=0 at ring station-i=0. TPart (b) containg the values-of
ps-and quL due to a distributed perturbation load of total
magnitude S=1 on stringer j==0 between rings {=0-and
i=1. Part (¢) contains the values of py/L and gy due (o o
shear perturbation load per unit length of magnitude Q=1
about shear panel (0,0). The positive senses of the pertur-
bation loads are the senses shown in figure 3; stringer loads
are assumed positive in tension, and-shear flow is positive
when an clement of-the sheet is loaded by shears which act
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Pid the-perturbation leads dveay-rapidly in the longitudinal: di- i
4 Bay . e reetion. Conscquently, the application of perturhation
T — stress distributions for an infinitely long cylinder to a-cyl- .
Sinoger | L7 inder of finite ](‘llg'ﬂl is jusliﬁ(:(! if the vicinity of application P e
L . of the perturbation loads is far from tho ends of the
1 -7 z eylinder. !
o P ¢ i 0 METHOD OF ANALYSIS '
L. ~ STRUCTURE WITH NO REINEORCEMENT ABOUT CUTOUT o
-t = ' Application of perturhation loads.~-Consider, first, n
Pane! structure like that shown in_figure 1 which-has no reinforee- .
o fow ment nbout the cutout, The stress distribution in such a
= = = shell can be thought of ns a superposition of the stresses '
- Rom which would exist i the structure without a cutout and i
perturbation stress distributions-which arise-beenuse of the 1
.S autout. 'The structure without-u cutout is called herein the | )
Boy e busie structure. The etress-distribution which would .exist- ; [ ]
= 0 ' z in-this strueture js-called herein the basie stress distribution,
l R R In_the present report the basie stress distribution is assumed
/ Stringer P Ty to-be known. ‘Then the problem of aunlyzing a structure - ;
' . : i (% “_'itb a cutm'll c.onsi.s(s of the determination of the !)or(urhu-
_ <=0 lion stress distributions (o b.c §nporposod ot the basie stresses .
0~ ! in such a manner as to annihilate th‘n effeets of that portion L 4 ;
< I of the basie structure which-lies within the boundaries-of , 4
-l - : the cutout, TFmding the proper magnitudes of these pertur- |
! Pr bi tion stresses involves the-solution of a system of simulta- ) 4
(o) i i neous algebraie equations, ; 3
— - 5 - : At the eutout boundmiy in the structure with the cutout, ‘ -
Ring 1-vo conditions must- be ratisfied: (a) the stringer lond must L5 -8
be-zero at points where a stringer is interrupted by the cut- ) :
/0 out-and (b) no external shear forces may act on portions of ;
- 88" \ e stringers and rings which border the cutout. By superposing b
- = concentrated and shear perturbation loads on the basic g
) of E structure, the resultant stresses can be made to satisfy these B
Stringer — 3 conditions, L .
, - }“)' The method of analysis is as follows: K
Lo (1) Find the-stress distribution for the hasie strueture, - E
I l_ i that: is, the eylinder without-a-cutout, )
0 k= - : (2) Place perturbation loads-on the basie structure in the 3
< f - following manner: At cach point where a stringer would-he L3
- © 1 '2 pone il'ﬂermplc(l by the cutout, place a conccn}l;ulml perturbas -® .§
1" row tion load; and, about each shear panel which would be re- . R
] R’\r)\g moved-by the cutout, plaee & shear perturbation loud. For ,
the-cnse of a cutout removing three shear-panels and in- ! ”,
(w - Concentrated, terrupting two stringers, these-perturbation loads are shown ; A
{b) Distributed, in fieure 4 ,
(¢) Shear. n fig ) 8 Py Y
Frouns 3~Pertarbat ion:—loxg()’«. . -f gy 1 4
(// / in the positive sense of the shear perturbation load. The N ;
L solutions for -arbitrary locations of the perturbation loads -
are readily obtained from the (ables by means of changes of 7 (L'! ‘ g
indices, ! - 3 K|
The application of these-perturbation-loads and the stress '?!’ ) o3 . @ ”
distributions-caused by them in the stress analysis of ¢ir- | £© < s 8 ' 3
—eular semimonorogue eylinders with cutouts is discussed in ~ ] |24 -t i%‘
the following section. The perturbation solutions are-exact I - j
-only for infinitely long cylinders. However, in the solution - j
of a cutout _problem, the perturbatien loads are applied-in ~3 ) ] , “ g
self-cquilibrating gioups in order not te disturb the overall Ring . o
equilibrium=of-the structure; therefore, the stresses due to Frouy 4.—Applieation of perturbation loadv, 3
i
IL ® Bl
. L i




{3) With the use of-the tables of coefficients, write a set
of simultancous algebraic equations which state the following
conditions:

{a) At the points where a stringer-is to be.anterrupted by
the cutout boundary, the resultant stringer load must
vanish-when the boundary is approached from the structisre
outsule of the eutout. This resultant stringer load is com-
posed of the basie stringer load plus the stringer-load due to
ull the-pertirbation loads.

(b) In-each shear panel which is to be removed by the
cutout, the basie shear flow plus the shear flow duo to-all
the perturbation loads must be equal to the shear perturba-
tion load applied to the portions of stringers and rings which
horder-that given panel. Thus, the shear flow exerted by
: the shear panel on the -portions of stringers and rings bor-
dering it will exactly cancel the shear perturbation lond
applied:fo those same-portions of stringers and rings.

(4) Solve the system of equations from step (3) for the
magnitudes of the perturbation loads, and superpose the
stress distributions-due to these loads on the basic distribu-
tion. This procedure yields the stress distribution in the
structure with cutout,

Upon-completion of-these four steps, the nagnitndes of the
perturbation loads on the brsic structure bave been adjusted
so that simultancous-removal of” that portion of the basic
structure which lies within the cutout boundary and the
perturbation loads themselves would not disturb the remain-
der of the structure. The perturbation loads are in equilib-
rium with-the portion-of the Lasie strueture lying within.the
cutout-boundary. The stresses outside the cutout boundary
in thezbasie strueture subjected to-the actual external loading
together with the perturbation-loads are precisely the same
as the stresses in the strueture with the cutout subjected to
the external loading alone,

- Conditions 3 (n) and 3 (b) can be expressed mathematically
by the-following equations, respeetively:

;?l 2P &)t (E;Qeﬂ)ulfml FPay -0 1y}

o / ;E? "o+ Z{‘:E'Qu’lu &l Fes=Qyy” 2

R T T e R e T e o

C e R

The unknowns are P, the magnitude of the concentrated
pertirbation load on stringer 7 at ring £, and @y, the magni-
tude of the shear perturbation load about shear-panel (§,91.
The coefficients p,;(&m) and g, 1£) are found in part {a) of
the tables end the cocfficients p,u¢,9) and qqiEn) are found in
part (¢} The summations in each case are extended over
the uppmpnalu perturbation loads, B Squation (1) is written
for each 4,j where a stringer is to be interrupted by the cutout.
and refers in each case to the stringer Joad as the point ij is
approached from within that portion of the structure lying
oufside-the cutout boundary. Equation (2) is written for
each-,j where a shear panel is to be removed by the cutout.
The form of equation (1 and (233 the aame regardloss of
whether the rings in the eylinder arve considered rigid or
flexible.

This method of analysis may be upplic(l (o a cylinder hav-
- lng o cutout more than 1 bay long, but, in such a situation,
“/ ’lhe effeets of removing ring segments flom the region within

Eul baaiaienin i Tt T TTTITIAL meaem o e R s mamrt v e el e e e e e ~
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the cutout boundary are ueglected. In the rigid-ring case,
such. effeets do not. exist if the cut rings remain effectively
rigids in the flexible-ring case, the effects of cutting a ring
coul«ld\) principle, be taken into account through the intro-
duction of additional types of perturbation lomle It is
possible that even with flexiblo rings the effects of cutling a
ring are negligible in certain cases, but this would. have tobe
verified by further investigation,

Sample calculation.—In_otder to illustrate the method of
caleulation, the cylinder shown in figure 5 is analyzed. A
cutout which removes three sheor panels and intarupis two
stringers is Jocated in the central bay. The properties of the
eylinder are taken as follows:

m=36
A=20.260 sq in,
=215 in.

=12 in,

1=0.051 in.

2x .
ms ) == =262 in,
be= 2 36 62 in

0.260

V= S50 = =().0992

For the purposes of this example suppose the rings ave very
heavy and can be considered-vigid in bending in their own
planes.  From:these properties the structural parameters B3
and ("are ealeulated.  The table corresponding to the values
of B and (' closest to the computed values will be used. 1f
F iz taken a3 10.6X10° psi and @ is taken as 4X10° psi, the
-parameters 3 and O are

Rox (10.6 0099"

) 0 i, "‘8 03

(=0

Suppose that the cylindee is loaded with the bending
noment Afy and {orque M shown in figure 5. The-per-
turbation load svstem for this problom is shown i figure 4.
The concentrated perturbation londs are doubly symmetiie
about: the cutout, The shear perturbation loads are syin-
metric sbout panel row j=0. Let P represent the magni-
tude of cach-of the coneentrated perturbation loads. et
@, represent the magnitude of the shear perturbation load
about shear panel (0,0); and let @, ropresent the magnitude
of the shear perturbation loads about shiear panels {0,1)
aud (0,—1).

Gquations (1) and (2) are now written for this example
by vse of the tables of coefficiente for B=8§ and ("=
Equation (1} for the stringer load condition in stiinger
=1 at ring <=1 13 written with the axl of tables 1 (a) and
1 (cy as foliows:

—0.5000-F0.04764-0,08952+4 0.11920, L —0,1 192, /.~
0.0374Q, L+ Pr=0
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Fraune 5.

where 7y, is-the-basic stringerload in stringer j=1 at station
i=1. Because of symmetry-thesamo equation,results when
equation (1) is-written for-stringer j=1-at. ring i=0 or-for
stringer j=0 st-rings 1=0 or i=1. Equalion (2) for shear
panel 0,0) is

> 2]
—0.2262 §—+0.2‘262 g-().‘.’,?ﬁ? %-{-0.226) 51+ 0.6986Q,—

2(0.0629) Q + Fos= Qs

where i is the basic shear-flow in shearzpanel (0,0). For
shear punels {0,1) and- (0, —1), equation (2) gives

0.2262 ~;}~o 2262 7—0.1368 7:+o 1368 -+o 6986Q,—~

-0.0629Q,4-0.0119Q, -+ Toy =0y
where 7y is the'basic shear flow in shear punel (0,1). These
three equations in the three unkvowns 2, Qp, and Q, become

0.3629P+0.1192Q,L—0.0818Q; L=y,
0.3014Q, - 0.12580, Jo=Foo . é))
0.0629Q,L+0.2895Q, L=, /2

For simplicity,-let 3f,-~=A5L=100,000 1b-in. In the present
example, the basic stress distribution can-be found from ole-
mentary beam and torsion theories which give 7,=370
pounds and-gu=0,=70.8 Ib/in, When these constants.are
introduced into the system of-equations- (3}, the solution is

P==1,020 Iy

QsL=1,750 1b

QJ;=2,560 b

Stringer loads and shear-flows in the neighborhood of the
citout are obtained by superposing thie effects of these

-perturbation loads on the basic stress distribution. For

exenple, with the-use of (ables 1 (a) and 1 (¢) the stringer
load at the intersection of ring =0 and stringer j=2 is

T PR

e e

—Cirenlar cylinder with cutont used in xample ealeulation,

given by
£(0.08954-0,0511) 4 Q1 L.(0.1192-4-0.0125) 4 Qo L(0.0374) -+ Pia

=54 d+1’m
The basic stringer load Py cqunls 358 pounds, Therefore,
lhc load in slrmgor]:‘.’ at ring-1=0 is 903 pounds.

stynger load. at ring i=0 are shown in figure 6(a).
shear flow in shear panel (—1,1) is given by

The

7'- [(0.226240.1368--0.0044 —0.0360) +
OJA0.1357—=0.0159) 4 QuL{0.0007)}4Fora=556.1 4T .11

The busic shear flow G-,y equals 70.8 Ibjin. Thus, the
shear flow in panel (—1,1) is 1259 lbfin. Other shear
flows in bay i=—1 are shown in figure 6 (b), and in figure
6 (c) are presented shear flows in the net section-(bay 1=0).

STRUCTURE WITH REINFORCEMENT ABOUT CUTOUT

Shear reinforcement.—The method of analysis is casily
extended to problems where shear panels are reinforced in
the neighborhood of the cutout. Suppose that-some of the
shear panels around the cutout are reinforced-by the ad-
difion ofa certain thickness of sheet (i. e, a doubler plate).
Then, the procedure consists of- adding shear perturbation
loads to-each of these shear panels-in the basic structure.
On the doubler plates is placed the same shear perturbation
load except with opposite sign. Then, for each reinforeed
shear panel, an equation is written which states.the require-
ment that the shear stress in the shear panel of the basic
strueture shall equal the shear stress in the doubler plate
used-{o reinforce that pancl.  When this condition is satis-
fied, the loaded doubler plates can-conceptually be inserted
seithout distutbing continuily, The
shear perturbation loads on the doubler plates cancel the
shear perturbation loads on the basie structure,

As an example, consider for simplicity the cylinder shown
in figure 5 loaded only with bending moment 3. The most
highly-loaded shear panels are those indieated by the vertieal
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F1eune 6.—Results of cample ealeulation.
hatching-in-figure 7. Suppose, now, that these shear panels
are reinforced by the addition-of plates of thickness {* to
the skin of thicknesst so that the total thickness in these
shear pancls-is t4-t* The perturbation load system to-be
placed-on:the basic structure is shown in-figure 8. The four

350282 5 Gmmm?
PFpET— e s e B e R
-/ «

doubler plates-of thickaess ¢* ave shown as-free bodies in

figure 8. The shear-perturbation loads applied to them are

of the same :nagnitude as those applied to the basie portions
of the reinforced shear pancls, but are opposite in sign. The
conditions that-must be satisticd arve;

(a) The stringer load is zero in stringers j==0 and j=1 at.
rings 7==0 and =1 as each of these points is-appronched
from the structure outside of the cutout.

(b) Tho shear flow in shear panels (0,~1), (0,0), and
(0,1) cancels any shear perturbation load applied about
theso panels  {In this example, no shear is developed in the
shear panels of bay i=0 and this condition is automatically
satisficd.)

(¢) The shear stress in cach of the shear panels (4,1),
(1,—1), (--1;1), and (—1.~1) in the basie structure must
equal the shear stress in the corresponding doubler plate,

Condition {(a), which must holdd where stringers j=0 and
J=1 are interrupted by the cutout, is expressed by n single
equation beeause of symmetry:

(—0.5000+40.04764-0.0895) -+ (—0,1192—0.0374 -
0.0067—0.0118) QL+ =0

where I and-Q are the magnitudes of the concentrated and
shear pertwrbation loads, respeetively, und-7y, is the basic
stringer load.  The condition-in-shear panel (1,1) that the
shear stress in-the basic portion of the sheet equals the shear
stress in the doubler plate (condition (¢)) is expressed as

>
[(-—0.‘2262-—0.13(38—-0.0044'}-0.0360) !1:’*‘
(0.6986~0.01 I9—-0.0068+0.()()5‘.!)Q] %: -QT‘;

where ¢ is the thickness of the basic portion of the shear panel
and (* is the thickness of the doubler plate. Beeause of
symmetry, the same cquation expresses condition (¢) for
the other three reinforeed shear panels. These equations
become

0.3629°4-0.1617QL=7y,

—0.33141>+({;+c.0851) QL=0

For n given value of {ft* and for a given magnitude of M, (so
that Py can be computed), this system of equations can be
solved for 7 and @, and the stress distributions due to these
perturbation loads can then be superposed on the basic
stress distribution to give the stresses about the cutout.

Stringer reinforcement.—I'he¢ method of analysis is also
easily extended-to problems where stringers.are reinforced
in the ncighborhood of the-cutout. Ior example, suppose
the conming stringers in the structure shown in figure 5 have
reinforcement of constant cross-sectional -area extending 1
bay on cither side of the cutout. This coaming-stringer re-
inforecement is illustrated in figure 9. Let the area of the
added reinforcing portion of 7 comming stringer be JA* so
that the total aren of the reinforced portion of the stringer is
A4.0% Tt is assumed that the stringer load is abruptly
transmitted into-the added_purtion of the reinforced coam-
ing stringer so that the stress is always given by the force
divided by the cross-sectional-area,
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Again for simplicity suppose that the cylinder is loaded
only by the bending moment A, shown-in-figure 5. The
perturbation load system to be placed on the basic strue-
ture is shown in figure 10. The added. reinforcing portions
of the coaming stringers are shown as free bodies in figure
10 with the proper.perturbation loads applied to them  The
conditions that must. be satisfied are:

(a) The stringer-load is zero in stringers j=0 and j=1 at
rings =0 and i=1 as each of thesc points is_approached
from the structure outside of the cutout.

(b) The shear flow in shear panels (0,—1), (0,0), and (0,1)
cancels any shear perturbation load applied about-these shear
punels. (This condition is automatically satisfied in this
example,)

(c) 'The stress in the basic portions of the coaming stringers
j=—1 and j=2 equals the stress-in the-added reinforeing
portions at rings-i=0 and i=1,
=, {d) In the basic-portions of the coaming stringers j=—1
(:// and j=2 at rings i=—1 and i=§.' when these points are

{ approached from- the side which is reinforced, the stress

equals the stress at the ends of the added reinforcing portions

of the coaming.-stringers.

Because of the symmetry in this structure, only three
equations are required. ‘The unknowns-are Py and P, the
magnitudes of the-concentrated perturbation-loads, and S,
the magnitude of-the distributed perturbation loads. Con-
dition (a), which must hold where stringer j=1 is interrupted

. by the cutout, is_expressed with the use-of-tables 1(a) and
1(b) as follows:

(—0.5000-+0.0476+0.0895) s + (— 0.0895— 0,051 1 - 0.0490 -
0.0475) ;4 (—0.0727 — 0.0340 — 0.0629 — 0.0409)S + p,=0

The condition that-the stringer stress in-the basic portion of
stringer j=2 cquals-the stress in the added reinforcing por-
tion at ring {=1 (condition (¢)) is expressed as

[(0.0805+4-0.051 1) Pyt (—0.0476—0.0330—-0.0565 —0.0402) I,

+(—0.1924—0.0195~0.0567—0.0379)S+ 7y ﬁ;—=(l’z+S) 1—1—1‘

\/\

et A

Froure: 9.—Cutout with reinforced conming stringers,

Finally, the condition that-the stress in the basic-portion of
stringer =2, as the ring {=2 is approached-from the rein-
forced side, cquals the stress at the ends of the-added rein-
forcing member (condition (d)) is expressed as follows:

[(— 0.5000 —0.0450 — 0.0394) P, + (0.1924 + 0.0195 — 0.0499
D
—0.0398) S+ (~-0.0895—0.0511-+0.0490--0.0475) Py+ P} ;‘1=§1-§

These three equations become

0.3629P;--0,2371,4-0.21958=7,,

—0.14061’.-*—(;‘%;-}-0.1773) Pyt %+0.1¥065)S=1—).;

0.0441P, 4 %+0.5853)I’,-—0.1222.S’=ﬁ,;

When A/A* is known and- the magnitude of -the external
moment My is known so-that. the basie stringer loads Py, Pz,
and -7in can be computed, this system of equations can be
solved for the unknowns Py, P, and S.  Superposition of the
stresses due to these perturbation loads on the-basic stress
distribution yields the stresses about the cutout.

In this example the basic stringer loads do not vary in
the longitudinal dircction, and the coneentrated and dis-
tributed- perturbation loads can be applied in pairs, equal
in magnitude and opposite-in sign, as shown in figure 10,
However, in cases where the basic stringer -loads-do vary
longitudinally, for example, when the shell is loaded-in shear
and bending, the concentrated and distributed perturbation
londs muy not oceur in equal und opposile puirs.  Further-
more, additional distributed-perturbation loads may-be nec-
essary on the conming stringers in bay i=0. If such is the
case, the stress conditions which were used in the example no
“Jonger-provide a sufficient- number of cquations to determine
the ‘magnitudes of the perturbation loads. The required
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Fi6uke 10.~Perturbation load system for a problem, of_coaming-stringer reinforcement.

supplementary equations are found front the conditions of
equilibrium obtained when the added reinforcing portions of
the coaming stringers are considered as free bodies.

-Comparison -of results for reinforced and- unreinforced
structures.—Some calculated results for the problems of
cutouts with reinforcement. just discussed are compared with
the results for the structure without reinforcement in the
following tables;

Stringer load, 1b, for-
Intersection of
Hng and Strueture s‘;‘t’m}gf&“{"‘ Structure with
stringer without relns |~ oaming ;};f" ":,':'
forcement stengers, { f‘.‘{’_‘f .
Atad
1,2) 801 98 i
1,3 122 338 122
14 3359 b 3%
15 Kid 8 n
1,6} 24 0 i H2
Shear flow, Ibfin., for— r
{ {
Shee { ormustmre et i
Shear pane! Strueture relnforod | Steture b it l
without relne § coaming forar r¢ lll
forceruent stringers, I u;mfn 4
o b=
1,0) s 0 § 0 l
L1 -1 | amy -
1.2) =123 -3 } -13.3 |
113; -5.6 nl ~3.8
14 -2.8 5 } =23

B et S

The reinforeed shear panels were assumed to have sheet
twice as-thich as the uniform sheet, the-reinforeed portions
of the conming stringers were taken to-have twice the area
of the uniform stringers. The applied-bending moment. A,
was taken as 100,000 lb-in.

The following comparison is noted for these illustrative
examples.In the case of-coaming-stringer reinforcement, the
maximum stringer load is increased, but the maximum
stringer stress is decreased (becuuse stringer aren is doubled),
axd the-maximum shear flow is not appreciably changed.
In the case of shear reinforcement, the maximum shear flow
is increased only slightly so that maximum shear stress is
considerably reduced, and-stringer loads are not appreciably
affected.

II—-DERIVATION OF PERTURBATION SOLUTIONS
ANALYTICAL APPROACH-

Equations for the stress distributions arising from the
three perturbation londs.illustrated in-figure 3 are devived in
this part of the report. The perturbation solutions are
obtained by use of the principle of minimum complementary
energy.  This prineiple states that, among all possible stress
distributions in the structure which satisfy equilibrium and
the boundary conditions on stress, the-distribution that most
nearly satisfies compatibility is the one which minimizes the
complementary energy =* where

Work done by surface stresses
w*=Internal cnergy-—(ncting through the prcscribc(l) @
surface displacements

o - -— - R Y




Since displacements are not preseribed anywhere on the
structure, the second term on the right-huad side of equation
(4) is omitted. The complementary energy becomes the
internal energy or stress energy of-the structure.

In writing the equation for the stress energy, the following
factors are considered: the energy of axial distortion of the
stringers, the shear energy in the sheet, and the bending
energy- of the rings in their own planes.  Each of the pertur-
bation loads is shown in its positive sense in figure 3,
Stringer loads are taken as positive in tension. Shear flows
are positive as shown in.figure 11, Ring bending moments,
shear, and thrusts are placed on the ring element in figure 11
in the positive sense.  The stress energy in the structure can
be expressed as

U'""__M__u [GAI' Pt PP, :+I’t+1f)+.,(~t iy ]+

EJ

where the integration over the length of a <nmg,cr -between
adjacent rings has been carried out.

In the mml}als to follow, stringer loads are expressed in
the form of -a finite trigonometric series.  Then, by using
the equations-of statics, the shear flows and ring bending
moments are-written in terms of the coellicients of this trig-
onometrie series.  The expression for stress energy, equation
(5), is minimized with respeet to the coefficients of the trig-
. onomettic series for stringer loads; then, the expressions for
: the stringer loads, shear flows, and ring bending moments
are substituted into the resulting equation. This process
yields a fourth-order finite-difference equation which can

31:7 A3, ¢)d¢ 6]
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bo rolved for theso trigouwometric coeffivients.  The solution
is then substituted back into the original expressions for
stringer loads. shear Hows, and ring moments to yield the
desired distributions.

TFor convenience in applieation, the signifeant equations
are collected in appendix A.

PERTURBATION LOAD SOLUTIONS
CONGENTRATED PERTUKBATION LOAD
Expressicn for stringer loads.—~The concentrated per-
turbation load is shown in_figure 3 (a); let. 2 represent the
magnitude of this load. Since the strueture is uniform: and
infinitely long, half of the load goes into the portion of the
structure to the right of the ring where the load is applied
(ring 1=0), and half goes to the left of this ring.  Therefore,
it can be seen from figure 3 (@) that, beeause of symmetry,

Pu==—Pops iz
Qiy=tg=tus (iz0) )
MGH=—M—ig)  (z0))

Consider the right half of the strueture, including the ring
at i=0. The concentrated perturbation load gives rise to
stringer loads which are circumferentinlly symmetric about
stringer j=0 (see fig. 3 (0)). Thus the stringer-Joad distribu-
tion can be represented by a series of the form

1),,:2 f,.(i) €08 njd )
m ,r,:!
where the notation * E‘ means that the summation is
n=0
FyR%
7 (XY
T Mg )
i S Tl,4)
Boy i=1 - i
RN
<
Ring r

Fioune 11~—DPositive sense of quantities used in analysis,
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Mo, m—1
wurrivd over i froma=01to n='-‘-,’,l i is even and to n=—z5~—
if meis-odd:

Eysluation of f(i), i()), and £, (0)—Suppose that equation
(7) 18 multiplied by cos [js ahd summed overj from § to in—1.
“This procedure yields

zi'o,ﬁ:,'
Ep;, cos 115== Z} Ja@) 2 cos nji cos Ljs
. . sy n
The sum aver j on the-right-hand side js, for ()Sné-g- and

0sIs%

-1
:"20 cos njs cos Ljs=0 J#n)
m d=n)

Eezg (l +6,,...-L6 m\

Thus-the coeflicients of the trigonometric series)in equation
(7) are
ma=}

fn(l)-mj ’Zpu cos 1 ®
2

Tt is desirable first of all to determine those-values of fu(i)
which can be found from consideration of the boundary con-
ditions and of the overall-equilibrium of the ¢ylinder.  Con-
sider ‘the equations of statics for the eylinder as a whole.
Satisfaction of cquilibrium in the longitudinal direction
requires that the sum of the stringer loads at any ring
station. i must equal one-half of the applied load P. This
condition -is expressed- as

m=1 P
p ] =y

im0

For n=0, equation (8) gives
TG “;; )E Pu= r)"l ©

Moment. equilibrium gives two equations, one of which is
automatically satisfied because of the symmetry of the
stringer load distribution around the eylinder. 'The other
moment: equation is

m=1

}Z} ey It cos ,76=I—::I5
For n=1, equation (8) is

Sl)== Z Py €08 aﬁ—l- (10)
On substituting the values of £() and f,(2) given in equations

(M and (10), vespeetively, into equation (7), there results

m_m=1

"'Of“"“‘

Dy ,,m+—- cosja+ Z} J(0) cosnjs (11)

Censider now the boundary condition at ring 1=0. The
stringer londs here are

I)
Pos==3 dos
and substitution-of this o.\'prossion into equation (8)-yicelds

D=5 (H-é q+6 2) (0§"§") az
J

"The equations of equilibrium and the boundary condition
at i==0 have been used te obtain certain of the coefficients
of the trigononsetric series for stringer loads.  The remainder
of the coefficients-are found by use of- the principle-of min-
imum complementary energy, and: this is the next step in
-the solution,

Expressions for shear lows and ring bending moments.—-
In order to use the principle of minimum complementary
energy, the shear flows and ring bending moments-must be
found in terms of the trigonometric coeficients fo(f). Shear
flows are determined by the consideration of the equations
of statics of a portion of any stringersf between two adjacent
rings 7 and 41, The forces on this-free body are shown-in
sketch (w):

q//L
L — s Y
]
Gl

—
)]
T

Sketch (),

Equilibrium of these forees requires that
Pipts— Pt (9= qus-0 =0 (13)
Substitution of equation (11) into cquation (13) yvields

m__m=1
o Of e

tr=tm==y, 5 UiH)=f] cosnjs  (14)

In order to find. qg, replace j with a dummy index k and sum
both sides of this equation over k from k=1 to k=j; that is,

-write

m m-l
> o1 =,

]
é (qu—’]l,t-l)='—7: "Z:; /a4 1)—f20) i cos nkd

When the indicated summations over & have been carried out,
the following equation is obtained:

m__ me~l

~Of~“

sin n (_;-*- )5
Z) Ut D)= [ | — 24

i2
’Iu-qno=—7-l i b
2sin

1
3
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The term g, can-be.found from the condition that the total | where
torque on the section is zero. The résulting expression for ___cos (nad-n)¢

shear flows is

,1‘,-:_?022 f.(t-H) f.(l)sm n (_]+l>6 (15)

n=i of s n

7

lomlmg which develops because of- the difference in shear
flow in the sheet on cither side of thering. The tangentinl
load on ring ?-has the value

m _m=1
T

Qiy— Q=1 ="

A"f"(!) o sin (]-{- )6 (16)

n=? oL si n

In appendix B, this load is applied to a circular ring and the
bending moment in the ring is derived. This procedure
results in the-following moment in ring< (seeeq. (B9)):

MGH=" 5 B bl (D

Stringer

Bcn(hng moments are caused in cach sing by a tn\ngontml—

& rmEn)iirm3n)t=1)

The sign convention for the moment-is llustrated in figure
11; the convention for measuring the angle ¢ is shown in
figure 12 ().

Energy analysis.—The stringer loads, shear flows, and
ring bending moments have now been expressed in terms of
the coeflicients f£,(1). The stringer loads are given in equa-
tion (11), the shear flows in equation (15), and the bending
moments in equation (17). These equations arve used in the
minimization of the stress energy of the eylinder with respect
to £,(i)-

By virtue of the symmetry properties of this problem
expressed in equations (6), the energy in the structure to the
left of ring =0 is the same as the energy to the right of
ring 1=0. 'Thus, equation (5) becomes

é }Z‘} % “,‘(I)u +DePigs st 1’l+|.f)+'¢;‘(ﬁ'1u ]+
* R

2 |, sEpihene

[+

Stringer

e . o e

JURp

|
|

‘ (]

(@) For concentrated and distributed perturbation-loads,

(0)

(b) For shear perturbation load,

Fioune 12.—Conventions for angular coordinate ¢.
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Note that M(0,¢) is identically zero because there is no
difference in shear-flow across: ring i=0 and, therefore, no
tangenitial load acts on this ring.

Minimization of the stress energy with respeet. to f,(d) re-
sults in the following cquation:

oU
a[,,(t)
= E [@I{‘F (Pras, 544D Piay, ) 50713'{:')+

RaL
Ju ar (,)+1'-' A <o)]

Rf OM(i+1, ¢) oM(i, )
J [V, 0 G0 S

oM (i—1,4)
o 4 19

The coeflicients fo(f) and fi(i) ave known already for all
values of 1, and £,(0) is known-for 0 5n §-’;’;~

M(@E~1, ¢)—

. dquation (18)

therefore needs only to be considered for i1 and n22,
The expressions-for the stringer loads, shear flows, and ring
-bending moments are substituted-into equation (18). Then
the following definite sums are needed (these can be obtained
by the procedure outlined in ref. 7):

m=l
2, c08 njs=0  (0<n<m) (19)
=v

and for the integers n and I restricted to the range 150 5-’;

and 1§1§1,',1,

mz-)l cos 1j5 cos njs=0 {=n)
= (20)
148, "') U=n)
and
"i‘lsml J+s )o'sinn(j-}-%)é:() {#n)
) @1

(‘“H‘ m) (=n)

The following definite integral, which is derived in appendix
-C, is also needed:

J:' I (n, ¢) IF1(l, $) dp=0 (#n)

=S, (H"s,,, %) (I=n)

@2)

where
1
!

S,.'=’ ?_;‘,"Du’ =, _Z_)Q (rmn)*[(rm 40y =1)°

L m n
and where n and [ are restrictéd to 2sn < and 28515+

A closed form of S, is presented in appendix C but the series
form converges so rapidly that it is usually-more vonvenient
than the closed form for use in caleulations.

After substitution of the expressions for stringer loads,
shear flows, aud ring moments into equation (18), the use
of these definite sums (19), (20), and (21), and definite
integral (22) results in the following equations which express
the condition of minimum stress energy:

For {=1,
Sa@BY 204 (@) 2= D)4+ 2( A 1)/ (0)=0  (23n)
and, for {22,

.f;(i+2)+2‘7.\f-(i+1)+‘-’ﬁ{-_fn(1')-§'2’hf.(i—1)+f»(l'—‘-’-)=ol )
(23h
where

3 B&

2 \in’ né

= yEeg

343~ ’ﬁ{s
sin? 5

Ba=3- "'},(IS

_EC
TGUIR

Solution of finite-difference equation.~—Equation (23b) is
a fourth-order finite-difference equation with constant co-
efficients.  (Note that the symbol i represents the index
of the rings and bays and should not be.confused with-the
usunl notation for 4/—1 which never appears in this report.)
Equation (23b) corresponds exactly with equation (24) of
reference 8. The general solution is presented on pages 23 to
26 of reference 8 and on pages 28 and 29 of reference 9, It
may be writfen as

fn(i) =(ic- ')'[aln‘\h(i)+“2nl‘2n(i)l+
(e [asndin(D b amdaald] (22 (29)

where the upper sign is used when v,<<0 and the lower sign
when v,>>0. 'The values of A are as follows:

For D,=28 2>,

a\]n(i) =08 ix,,

A 08y —sin 41X,

o 57

where
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For D,K1,
]\1 .(i) = cosh ‘iX.

Ao (D =sinh 1x,

x.=% cos‘nr‘:[ﬁ‘i;:l—\/(@i:;;]‘

For D=1,

where

A\|.=l

A\:.=i

In the inverse trigonometric and hyperbolic-functions, the
principal values are used, The argument ¥, of the exponen-
tial function is given by the positive brauch of

D
At a large longitudinal distance from the nppliegl load, the
stringer loads should- approach the elementary distribution
given by the first-two terms of equation (11); consequently,
for 222, f() approaches zero as ¢ approaches -infifiity.
The fist term on the right-hand side of cquation (24)
satisfies this condition;-however, the sccond term does not
and, hence, must-be:omitted. The solutions, then, that are
compatible with the boundary conditions at infinity are:

L= oD ande @]l 122) (25)

R ==- <:osh‘l [

where
r“—: :*:('-‘-

Now the arbitrary constants @i, and aza are determing}
The first, e, is obfained immediately. Substitution of
1=0 into equation (25) and use of equation (12) to evaluate
Fa(0) yields

SO =aq,== (nz2) (26)

[)
MIEE
(%)
Substitution of equations (26) and (25) into the boundary
equation (23a) yields

Ay === eln+2(7n_°tl) _ P
i 0, m(l +3_ ,,),
"3,
where

Oan=§'n3Am(3) ‘*‘27»?;-2‘\:»(2) +(28,~ 1)3',“\..(!)

The solution for the concentrated perturbation-load is now
complete since the -cocfficients f,(i) are completely defined
and may be substituted into equation (11) to give the
stringer loads. The shear flows can be found from-equation
(15); however, once the stringer loads are known, i€ is simpler
to caiculate the shear -flows by the use of the equutions of
statics. Because of symmetry, the shear flows in shear

(s=1,2

BN2E2=50 e

15

panels adjacent-to-stringer j=0 aro given by

Jo=—qL, BT Pra

2L

All the other shear flows can be found by the use of equation
(13).  If desired, the moment distribution in-tho rings can
be computed from cquation (17) and the thrust:and trans-
verse shear in the rings can be found from the formulas
given in appendix B.
DISTRIBUTED PERTURBATION LOAD

Expression-for stringer loads.—The distributed perlurbn-
tion load is shown in figure 3 (b); let S represent the magni-
tude of -the -total force distributed along ‘alrmgcr Jj=0
between rmgst—o and t=1. From figure 3 (b) it is seen
that
(iz1) (27a)
@zl (27b)

Gz1) (27

Pis=—P-tt1}

Q= qat,y
M@E,¢)=~M(~i-1,¢4)

At ring t=1-and-to the right of this ring, the stringer loads
can bo represented by n trigonometric series of exactly
the same form- as-equation (7)

me m—l
2

Py= 5“ Sa(3) cos njs 28)
except now {21, and the coefficients f,(i) are different. from
those obtained-for the preceding case of -the concentrated
lond.

Evaluation of fo(2) and f,(i).—As in the preceding case, the
first two coefficients £,(¢) and £,() can be obtained from the
cquations of staties, and the results are the-same as before.
Equation (28).becomes

m__me

o !
p.,:-;,z%-i-s €08 jo+ 2 S eosnjs (i1 (29)

With the concentrated perturbation load, -all the coeffi-
cients f,(0) were easily found beeause -the stringer load
distribution-at-ring station i=0 was known. Here no such
distribution is-known. In order to determine the boundary
condition. at bay i=0, the effect of the distributed perturba-
tion load-on the equilibrium of portions-of stringers in this
bay must be investigated.

Exprassions for shear flows and ring bending moments.—
Away from bay =0 the shear flows and ring bending mo-
ments ave of the same form as for the concentrated load,
The following expression for the shear flows is obtained
by use of cqunlion (13):

m m

qu=- Z‘, [t 1) fh) smn(y-{-l)s

tiwld oL Slll

(z1) ©0)

- e, g
1

.

i T———————— Y ~-~— " -

PO e e R e < e =

e

R Y

&
X

. *
’ .,
] S
f

;

k3

;’f!

’ -

° °
73

3

o o)
B

° o
1

3

:

3

i

) X}
1

3

,‘1

‘,

3

®" ;
e

:

£

. 'y
i

° L 3
K

3

= +

?

i

B

] L K
i

° 'Y
b

i

i

“ I

,‘:9.

5

. ‘9!
0oh

YT




16
The ring bending moments ave obtained in appendix B as
m m=l
T Jitm . R \
(i, g)=— 2 a7 A DINn,g) (22 @D

where

2 cos (rm-n)¢

o g)= =, (P Ry [y =]

The applied force in bay =0 may be written as S8,. Con-

sider, now, the equilibrium of » portion of any stringer j.

between ring i==0-and ring t=1. The forces on this free
body are shown in sketch (b):

Sketeh (b).
Equilibrium of these forees requires that
Pry=Dor¥ oy go.s-) L—S8,=0

Because of the antisymmetry property expressed in equation
(27a), the othbnum equation becomes

2p1ytAqos= .- L—Spy220 (32)

1t is convenient, now, to expand the Kronecker delta & in
a finite wrigonometric series,
2t g med
?

b= 33 dycosnjs (33)
n=y

Multiplying through by cos [js and swnming over j from 0 (o
m—1 yields the trigonometrie cocflicients da.  The result is

A
dys - e e 34)
nl(l+6.@+5m,§)

REPORT 1251-~NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

Substitution of the expression for stringer londs (equation
(29)) and the trigonometric expansion for &y, (equation (33))
into the equilibrium equation (32) yields

e
_o,._ﬂ_l

2
701‘"10.1-1-::;: ,;');i [Sdz—21x(1)} cos njs

In order to find gy, this equation ean be treated in the same
manner as equation (14); that is, replace § by a dummy
index , sum from:-k=1 to k=j, and then use the condition
that the total torque on a cross section in bay {=0 must be
zero, ‘This procedure results in the following expression for
the shear flows in bay i=0:

ot 1 3 Sh=h0)

nw?

Jor=

(J+ )a 35)

"T'he expression for the bending moment. in rings 4=1 and.
=0 is yet to be found, ns this expression differs-from that.
for the moment in the rest of the rings given in equation (31).
The moment in ring 7=0 is the-same in magnitude as that
in ring i=1 but opposite in sign. The tangential londing
on ring {=1 is given by

I sm*A

’Iu"ﬂw=“

1=+ S, 1
e 2l sm ns sinn (j+") 8

By analogy with equations (16) and (17). then, the bending
moment. in ring {=<1 can be written as

! gmﬂ-ﬂlﬁ”m o n . y
M, @)= "l“,; Bk, {23+ S h(n, ¢)  (36)

All the stringer loads, shear flows, and ring bending
moments have now been expressed in terms of the cocfficients
S0, The stringer loads are given in equation (29), the
shear flows in equations (30) and (35), and the ring-moments
in-equations (31) and (86). 'The next step in the analysis
is the substitution of these expressions into the equation
obtained from minimization of the stress cnergy of the
eylinder with respeet to f,(?).

Energy analysis.—By virtue of the symmetry proj@rties in this problem given in gghations (27), the onergy in the strue-
ture-to the right of -bay =0 equals the energy to the left of this bay. Equation (5) for the stress energy can be-written

U= Z} (mwru + 57 °Gt ! tos )+2 :l p2 [6 w(pu PP, 54 Praa, ;H— 562 '1.,] 2 Z‘,J .,,,-IM &,¢)d¢ 37

Minimization of the stress energy with respect to f,(7) results in the following-equations:

o om, , 18l Oy
SE™ 0-«2[ et 7""6} m»}-zw( q’Ofn(l) s

ao.\:‘ Ry 5 OM D
o) J 12 M, o

Dx\l(l Pau]

EILM@9 op 00y TH09 5 iy |46 69
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aad
U RSL(  dqy )] J ! OM(+1,9)
a*f;”(‘i) 1-\) [0111’ ('I)H-I J+4I)Ip+7’t-l l) b_f (l) '(" (’IU Df'('-)'*'ql-l 3 afu(") 4 Il 1‘I(l+l @) ~— Of (1) -+
O I e S I G )

Noto that equation (39) is the same ns equation (18), except:
that equation (39) isvalid only fori22,
The stringer loads, shear flows, and ring moments are
. substituted into equations (38) and (39), and then the
v definite sums-and definite integral derived in-the |)|oucdm"
section ave used-to simplify lhuw equations. After simpii-
£ ¢ fitation, the following equations result:
7 Fori=1,

LN L@ 21 f =54 (B2
(400)
IPor {=2,
In) 270 fu(3) 28,102 ya— 1fu( 1) = —Sil, {10b)
Tor 123,
SaliE2) 270 i+ 1) 28, [(D) + 270 fali= 1) 4 fo(i=~21 =0
(40c)

Solution of finite-difference equation.~~Equation (10c)
is the same s equation (23D); therefore, the solution to
cquation (400) is

.[\(‘) =\ k“a(n‘\lu(l) 'T'a’u‘\h(i)l (n g';’l (“ 1)

which is the same as equution (25) except for the values of
the arbiuary constants s and az,.  Fhese constants are
found by the substitution of the solution 141, into equations
(40n) and (40b). This procedure yields two simultancous
algebraic cquations in apx and azq, and-their solution gives

—~-4y,—~2
T {35*‘3__ e 28

v bt (RIS, )

Qpt Iyt

Q=== -

3 28
Qi P L1aPn *m(Hs ,,,)

whére d,, the cocfficient in the trigonometric series for the
Kronecker delta &, has been replaced-by its value as given
in equation (34), and where the @'s and-1"s are given by

9,,,"—"‘—{"3.\,,(3) 'i’ (Q'Yu— l);‘,ﬂ\,,,(?) +2(6u"“7n)?n‘\m(l)

(s=1,2) (420)

Pre=Eatdan(4) 427080 1a(3) +2800.2000(2)
(‘27!\'—”;':‘\“(” (851,2

The cocflicients f,(5) are now defined for the distributed
perturbation load aud-may be substituted into equation (29)
to give the stringer londs. The shear flows can be found
fiom equations (30) and (33), but, again, once the stringer
loads are known, shear flows can ensily be found by use of the
cquations of staties,  The shear flow in the panels adjacent to
stringer j =0 can be found by considering symmetry:

In bay i=0

(42b)

S=2p
Joo== (o, ., =% ] 114
24,
and, outside of bay i==0,
Pr=Psr,0 r
== = =" .5’,7'“* tzy)

The other shear flows are found from equation (13), as before,
1f desived, the ring moments can be obtained-fiom equations
(31) and (36) and the ring thrust and transverse shear can
be found from the equations given in appendix B,

SHEAR PERTURBATION LOAD

Fxpression for stringer loads.~The shear perturhation
lond is shown in figire 3 {2).  The magnitude of the load per
unit length applied-along the stringers and.vings bordering
shear pauct (0,05 will be represcnted by Q. From-igure 3(¢)
it 1s seen that the Jongitudinal synunetry properties in this
cuse are the same as thuse for the case of the distibuted
perturbation load given by equation (27).

The shear perturbation load is self-cquilibiating and gives
~ise (o stringer loads which are antisvmmetricabout penel row
,=0. Foriz1, the stringer londs may be-represented by

mwl
or 2

I’(r‘ L Sx(i) sin n (j—",> ) 13)
where the coeflicients f,() are different from those in the two
preceding enses,  The term corresponding to n=1 vanishes
because it represents an clementary bending stringer-load
distribution, and the shear perturbation load dees not requive
this distribution for overall equilibrium.

Expressions for shear flows and ring bending moments. -
None of the coeflicients f4(¢) in the trigonometric series (43)
can be found from the equations of statics. Furthermore,
the boundary condition at bay {=0 must be determined from

2 cousiderntion of the effect that the shem pertw bation foad
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has-on the equilibrium- of-the portions of stringers in bay
=0 and on the bending-moment in the rings bounding this
bay. Thus the energy approach must be used-immediately
and the first step in this approach is to write the shear flows
and ring moments in terms of f,(1), the cocflicients f the
trigonometrie series for the strnger loads, equation (43).
Outside of bay i=0, the satisfaction of the equations of
slatics for the portions-of stringers between adjncent rings
“vields equation (13), the same as in the two preceding cases.
Substituting cquation (43) for the stringer loads into the
equilibrium equation (13)-and following the same procedure
used to-obtain equation (15) yields the expression for the
shear flows due to the shear perturbation load:

Ol
ql}“"z Ez fl(l+l) f'l(l‘)

nml

2leos njs  ((zl)  (44)

2/, sin -

» he- tangential loadings on the vings to the right of ring
i=1Lare

m

o

e
gy

cos njé
"2 9, sin

T q1=1,5~=

In appendix B this load is.applied to a circular ring and the
following expression for the moment in the rving is obtained
(see cq. - (B13)):
m rﬂ—l
2 I R
.\[(z,¢)—-— Z) S Aufil:(ngy (32 (45)
where
,I?(nl¢)=,:?:.‘l* (=1) — _sin{rm-ye

T o ny ffrmeinyi=1)

The convention for 'noneunng, the angle ¢ here lS 2 little
different -than before and is illustrated in figure "(ﬁ})‘

Now, the shear flows in bay i=0 and the bending moments
in thc—rings bordering bay i=0 must be found. Consider
the shear flows in this central bay. The shear perturbation
loading applied at bay i=0 may be written Q55 ‘Then the
forces on the portion of any stringer j between ring =0 and
ring 7==1-are as shown in sketeh (¢):

ot ot

- s ]

Ay

90,1 "8, j-iL

Sketeh (c).
Equilibrium of these forces requires that.

P15~ Post Gos— 0, 1-1) e+ Q o, 41 —30p) L=

Beeause of the antisymmetrs property, equation (27a), the
equation of equilibrium becomes

2pyt (Goy— o i) o+ Qo0 g1 =80} L=0 (46)

The substitution of the stringer loads (equation (“3)3hto -

the equilibrium equation (46), and the introduction of the
trigonometric expansion for the Kronecker delta 85, (equation
(33)) yields the following equation:

mopn m=1

1 F) 2
Qo= Qo.r—1=—TF. ,,; "f.(l)‘?“l”(J“‘)é“
?0#’;.5
Oy fcos (f~1)5~c0s j3]— Z,: Qd [eos n(j=1)3=—c0s ny3)
hm

Now gos can be found by replacing j with a dummy index £,
sumnting over & from k=1 o k=j, and using the condition
that. the torque on a cross section within bay =0 balances
the applied torque. This procedure results in the following
equation for the sheur flow in the central-bay;

L’f-o m—l
qor==Qdo-+Qd, cos jo-+ E < f,.(l) +Q¢1 >cos njs  (47)
me: N\ L sm 5

Consider the bending moment in rings {=1 and {=
The moment in ring i==0 is identical in magnitude to the
moment in ring =1 but. of opposite sign. The (angential-
loading per wnit are length on the portion of ring =1
between stringer j and stringer j4-1 is illustrated in sketeh

):

@o/ G stanger 7 #1
! )
| E
b
. qo]l %y
@ stnrger #

Sketeh (d),

When these tangential loads are added -and&the series ex-
[

pansions for o5, qy5, and &, are introduced, the total load

per unit are length on ring i=1 is given by

m-l

L 5@)- ff%‘) €08 1js

2L sin 5

Guy—os~Qdo,=

Rl

By analogy with equations (16) and (17) the bending moment
inring i=11is

m--1
Tor ™

™
v/ — o7 ) Rm I (0Yya® Y
4 (ly )72 e = 2””[4 |fn(~)—';fn(l)] IIZ(":¢) (“6)

Ixpressions for stringer loads, shear flows, and ring
moments have been written in ‘terms of the coefficients
Ja@. The stringer loads are given in equation (43), the
shear flows in equations (44) and (47), and ring moments

e nma ] T v,

e
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i equations (45) anl (48). These expressions ave ready to
be substituted into the cquation which results from mini-
mizing the stress energy with respeet to f,().

Energy analysis.—~Because the longitudinal symmetry
relations which-exist-for the distributed perturbation load,
equations (27), also exist in the case of the shear perturbation
load, the stress-energy eapression used in the distributed-
load pxoblom can-be used here. The expressioas obtained
on minimizing this-stress cnu:,;\, equations (38) aud (39),
are also npphu\l)lc here. (,onsequomlv the stringer loads,
shear flows, and-ring moments just derived are substituted
into equations (38) and (89). At this stagh in the two
preceding cases,-certain definite sums and a definite integral
were introduced fo simplify the equations. A similar proce-
dure is followed here.

The definite sums which are of interest are

=
}_, sin n (J—“‘) §=0
. [
and for-the integers-n and ! restricted to the renge l§n§:,’i

and 1 515 L

}i,"l cos UJ5 cos njs==0 (5n)
=0
=2 5 (149,.5) U=n)
and
Z‘, sinl 1——~)6 sin n (J-—* 8220 {5~n)
ot}

= (l-:~6 ) (1=n)

The required definite integral, whieh is derived in appendix
O is

" et ovts=0 )
=S, (16 l=n

(") (t=n

m

where n and [ are restricted to "Sns— and "S[é«-
After simplifieation the following equations lesuh
For i=1,
JA3)A-2a—= 1) Q)+ 2(8,—7a) fx(1)
=—2LQd, ﬁ*'f“" “) ns (498)
For i=2,
,f4(4)+274fn(3) ‘i‘gﬁﬂfn(g)'*‘ (27u_' l).fn( 1) =0 (“9!)3
For 1 g:z

(49¢)

Solution of -finite-difference equation.—[quation (49¢)
© the same finite-thfference equation-for which the solution
15 written 1 the two prec-ung sections, Substitution
of tlus solution, equation (41), 10 equation (49a) and (49b)

YT IRt e e ey e n wp frce A = o v e v

gives two stmultancous algebraie equations for a. und age,
the arbitrary constants. Solution of this system yields

o Bamdf—ll o nd
P ™ 7 sing o1

m(l;Fa;;)“
Bu—4Y,—11 . né

I AA-“;———» sin 5 QL
R DES D nT(fi—‘Sf )
Y

= anl 2!:"" s )bl

The @'s and 1¥s in this ease are precisely the same as in the
preceding case of the distributed perturbation load; Q,, is
given by equation (42a) and I, by equation (42b).

With the coeflicients f2(¥) known for the shear perturbation
load, the stringer loads are obtained {rom equation (43) and
the shear flows can be found from equations (44) and (7).
For panel row j=0, the shear flow equations becomo

L
2 E [(l+|)- n(')

o=
l w2

i
2L sin ;,é fizh

and
3@ T S 20
Lsi ya m(l-{é )

When the shear flows in panel row j=0-are known, it is
simpler to compute the remainder of the shear flows by use of
the equations of statics rather than equations (44) und (47).
In shear panels (0,1) and (0, 1) adjacent to the loadell panel,
the shear flow is given by

]’n"‘QL

=10, «1™= Yoo~

All the other shear flows are found by use of equation (13).
If desired, the ring bending moments ean be found from
cquations (43) and (48) and the ring thrust and trangverse
shear can be caleulated from the formulas given in ap-
pendix B,

LIMITING CASE OF RIGID RINGS

If the ning bending stiffness is allowed to incrense indefi-
nitely, the rings approach complete rigidity i« bending, the
parameter (" approaches zero, and a considerable simplificn~
tion results, For this Iimiting ease, equations (23) for the
concentrated perturbation load reduce to

LED=2 5 LOHG=D=0 G2 G0)

where
=336 —1-}cos né

Ba=388*2(1 ~cos nd)

This can be shown ensily by multiplying equations (23)
thiough by € and allowing € to approach 0. Equation (50)
is a second-order finite-difference equation with constant
coefficients.  The same equation, together with its genoral

e
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solution, is given in reference 9, page 31, ’Che solution
compatible with the boundary conditions at. infinity ean be
writlen as

Su(fy=an(Le™™)! (61

where

soshi A, a 1B
cosh A, e

und where the upper sign is taken when 1,.>0 and the lower
sign when 4,0,

"he arbitrary constant e, is determined by-evaluating the
solutions, equation (51), for {=0 and introduciug the value
of f,(0) given in equation (12), The result is identical (o
ax given in equation (26)

P o
. »—;n'(l -{-_6;,:;) =2
3

Squations (11) and (15), the expressions for stringer loads
and-shear flows, respeetively, used before in the ease of the
concentrated perturbation Joud are still valil.  The subsu-
tation into these expressions of the soluton (31with the con-

stant” a_as found above yields the steger lowds amd shear i

flows due to a concentrated perturbation lond-when the rimgs
can be considered rigid.

Tor the ease of the distributed perturbation load, equations
(40) veduce in the limit to

(=A@ + @Byt A1) =3 B82S,
Slit1)=2 %.f.(i)-f.f..(i--l )=0  (iz2)

The-arvbitrary constant «, in the solution (51) is

. UBE 8
A ke D) m I8 N
(")

For-the shear perturbation load, equations (19) reduce to

2

(= A} o @+ @Bk 2 o ()= —OLQBS sin '}
=B ranni-n=0 Gz
The solution is again equation (51) and-e, lecomes
Al ()
CONCLUDING REMARKS

A method is presented for the stress analysis of cireular
semimonocoque cylinders with cutouts. 1t is most accurate
in problems where the cutout is located far from external
restraints.  ‘I'he londing may be any combination of torsion,
bending, shear, or axial lond.  Other loadings are permissible
if the stress distribution in the eplinder-without a cutoy
known,

The method of analysis is based on the superposition_of
certain perturbation- stress distributions-to gise the cffects
of the cutout on-the stress distribution which would exist
in the eylinder without a cutout, The equations for the
three necessary perturbation stress distributions are derived
in this report, and -tables of coeflicients calculated from these
cquations ave presented for 2 wide range of struetural prop-
erties.  Ring bending flexibility is taken-into account in the
tables. The tables refer (o a structure having 36 stringers,
but they can be used for cylinders having any number of
stringers by redistribuiion of the actual stringer area into
36 fictitions stnngers.  Sample enleulations wtilizing the
tables of cocfficients are presented to iustrate the annlyticad
procedure,

LaxcLyy AeroxNiurican Lasoratony,
Narioxat Apvvisony CoMMITTEE FOR AERONAUTICS,
LaxaLey Fiewn, Va,, March 2, 1955,

APPENDIX A
SUMMARY OF SIGNIFICANT EQUATIONS

‘The formulas nnd parnmeters required for computing the
stress distribution due to concentrated, distributed, and
shear -perturbation loads are collected in this appendix for
reference,

STRINGER LOADS

Concentrated porturbation load (see fig, 3-(u)):

”
N Por = =

P I vy 2t o . .
V=55 m+ﬁ cos jot 25 fu@eosnjs  (iz0)
- n=z

whepa<P je-the-applicd load,
Distributed perturbation-load (see fig. 3 (b)):
Byt

S K . 2 2 . .
7’""5{;}{'*'7% cos fo-- ngz Saldeosnje  (izl)

P P S

A n

where S is the total applied load.
Shear perturbation load (see fig. 3 (¢)):
o ml

TOE L .1
o= 2, fx(sinn (J"b)"
ne2 -

SHEAR FLOWS
Concentrated perturbation load (see fig. 3 (a)):
For the shear panels in-pancl row j=0,

(izh

B~ Piy1.0

P,

and, for the remainder of the shear panels,

((t;“’w:}jﬂ!""i"ll.;-l Gz

[

S et
®

L

o

RPNV S TN PR SEL I N

K ]




Distributed perturbation load (see fig. 3 (b)):
For the-shear panel (0,0),

S—2p
‘Ioo'=—'§*,} 10

for the remainder of the shear panels in punel row j=0,

1.o~—”‘°—';‘“ .0 Gz
and, for all other shear panels,
a ,=7£r:11‘{‘_4:u+q,_ G2

Shear perturbation load (see fig. 3 {¢)):
For the panel about. which the load is applied,

<10, {.(n 20 _°

for the remainder of the shear_panels in row §=0,

to= }5 gRa

né
2L sin 5

izl

nel

for the shear panel (0,1),

. )
7y 22

&

for theremainder of the shear panels in panel row-j=1,

’In"-‘pu 1,“‘ Mg (371
and, for all other shear pancels.
="l g G22)

EVALUATION OF THE TRIGONOMETRIC COEFFICIENTS 7,()) FOR FLEXIBLE

RINGS
- Basic parameters:
Ev
B=g371
vne
=IE
Auxiliary: parameters:
. B
A3 =
sin® - P
Br=3t— 1208,
_3 B
173
“ sin? ’—f_;

PSRN © el
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Discriminating parameter:
Trigononetric coeflicients:

e FAGES X CWMGE PN G) (nz?)

o=y e

Aja(D) =008 Ixn >1)

=\ D=1

==e 33k Txa (D)

Apall) =31 ixa (O

=i De=1)

==ginll ix. (D)

oot [Pl BN
X.m§ COS ‘[‘i ;-)“ ""\/(ﬁ ;:“) "'7.z] (l).>‘l)
1 S NN - S S
==§cosl|“‘['?—2 -——\/(ﬁg*( —-‘I.’J <N

(-]

Arbitrary constants for concentrated perturbation load:
l‘)
"(1)

¥a ’=~ toﬁ\l"‘ [ﬁ“ —

=
SLURS 10 o LY G
1 O m(H—B, ,.)
where I? is the applied load and

O:n:-:fn’l\u(:‘) *‘27.(.’;\..(2) + (25»1"‘ l)rl‘\u(l)

Arbitrary constants for distributed perturbation lond:

(s=-1;2

« Ba—d7—2
AT,
Q= SV ) ERTYZEN Y
Q.1 23 11.9_. "l(l ] 6"3)
« Bai—47,—2
an"i’l ix Q -‘ "= 2S
Q=== =

Q:;i‘;_l anh ;7-1‘(*1'3:3:,‘
]
where S is the total applied load and
Qua= 30 e (B) + (Q¥r== D EFA (D) + 2B v Trdsn(l) (x=1,2
I‘u=§'n‘l\u(4) +2‘Yu§'n34\u(3) ‘f’Qﬂ-i'-"\m(g) + (Q'Yn" Diadall)

(s=1,2
Arbitrary constants for shear perturbation load:
e LT
o 3 2 4QL
In ""ll‘)u“‘l'llgh Ill(l+6" ,,!)
"2
¥

s,
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M

Iy B“_'i;f"' I sin _mj

4QL
m (l+6.‘ ?)

G LunFan=T14 %

where @ is the applied load per unit, length.

EVALUATION OF THE TRIGONOMETRIC COEFFICIENTS 7.() FOR RIGID-

RINGS
Basie parameter:
_EC
Gtz

Auxiliary parameters:
Ap==3B8—~1--cos nd
B=3D8-2(1—cos nd)

Ae=cosh™! !-1—3-5
Ay

- ST T T T T T T
R, S« e i
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"T'rigonometric coeflicients:
D= (2 e

Sa(D)=a (IA..] ¢ .>
Arbitrary constant for concentrated perturbation load:
SO
m(l—{-am_;)
Arbitrary constant for distributed -perturbation load:

6s° S

a p ('é“:':’ e'*'-‘H) m(l-i-&r..?)

Arbitrary constant for shear perturbation load:

A==

. nd
1288* sin 5 oL

_A,, (!'%:' 8')»*-]) ’n(l,{.au,—?)

APPENDIX B
-BENDING MOMENT, AXIAL THRUST, AND TRANSVERSE SHEAR IN RINGS

Expressions will be developed for the bending moment,

axial thrust, and transverse shear in a circular ring under

tangential loads such as-those which arise from the differ-
etices in shear flow across a ring in a circular semimonocoque
cyvlinder,

Two:cases must be considered: One case-occurs with the
concentrated and distributed perturbation:loads, where the
ring -loading is antisyrometric about stringer j=0. The
otlier case oceurs with the shear perturbation Joad, where
the ring loading is symmetric about: panel row j=0.

CONCENTRATED AND DISTRIBUTED PERTURBATION LOADS

For-the voncentrated and distributed perturbation loads,
the tangential loading on-ring 7 has been writfen in the form
of a finite trigonometrie serics (see eq. (16))

-'ﬂor-—-
Fu=qu=tiars= E bag sin 10 (:7‘*‘2) s Y

where
Ay

2L sin =~ 1;6 -

"T'his ring load has s stepwise variation around the ring, being
constant- between stringers and having jump-discontinuities
at the stringers. The limitation that 222 ensures that the
ring is in equilibrium,

The=procedure will be-to expand each term of the series
(B1) in an infinite Fourier series in the variable ¢. For each
harmonic of the Fourier series, that is, for a continuous
sinusoidal tangentinl foree -distribution on the ring, the
monient, thrust, and shear in the ring are casily found.
(Sceref. 8, p. 33, for example.)  On the basis of inextensional
deformation and the neglect of transverse shear distortions,
the results are as follows: If the tangential load on ring i is
given by

TuscOS NGBy sinng (122

e R mm < A Ak = ¥

then the moment; thrust, and shear-in this ring are, respec-
tively,

2
M, @)=—=0p - (, )sm n¢-rb,.¢l(n]f oS N

Ta(i, ¢) =~y ’!‘)»l n sin n¢+b,.. {1 cos ng (B2)

. - R + R .
Vali, ¢)=tine ﬂ’i_i €05 NGi-bu ;i € ue

Figure 11 shows the sign convention used in writing equa-
tions (B2).

Consider, now, one term of the series (31),
this term in a Fourier series, write

To expand-

by sinn ( j+%) 6==53 (et sinreg (B3
e

where the (¢,7a, . are the Fourier cocflicients. It is obvious

B T
I U L -

L

that the first hefmonic which will occur in the Fourier series 1/

in equation (B3) must be that for which r=n. The other
harmonics, then, will be added to this to build up the step
shape of the loading function. The convention for meas-
wring angle ¢ in this case is illustrated in figure 12 (a). The
index j can be thought of as a funct’on of ¢. that ss: when
0<¢<8, 7=0; when §<¢< 28, j=1; and so forth,

In order to carry out the expansion, equation (B3) is
multiplied through by sin /¢ and integrated from 0 to 2r

"'}"'j G0 baesinn (J*")é sinlpdo

=

=J 2 (C)ne Sin ro sinlop de
0 r=n

After integration, the right-hand side of this ecquation
becomes
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by virtue of the orthogonality of the.trigonometric functions.
The lefthand side becomes

) 2 sm "=
j,/ ...m‘._b,,, lem n (J+ )55ml(.)+" 6

on carrying out (hc inwegration,
be shown that

From reference 7 it can
=1
':_20 sin n <j+-;-> dsin l(j+%>6
ml,_ 1
=?[<-1> " iy —(—=1) Jg;l-_n_]
~ m mn

whereJy=1 if k-is an integer, and J,=0 if k is not an integer.
Thus the Fourier coeflicients are given by

It
sin

(ﬁ)ul-—-bn« -~ [(— pm J:-,.—'(—l) Jl+n]

The nth term of the tangential loading on the ring is
by sinn (j+,—l,-> ]
I=n I+n Slll'z-
"“_bnl 2[(—1) Jx-n—(—l) J:+n]-—-sm s (B4)

By use of the-properties of J, this-summation can be re-
written

sin(rm-4- n)q

—m—-sm (rm~-n)¢—

,..smn(y-{-—- 6—--1),:[2( —1y-

sinr m—n) 5

> (=1 — sin (rm—n)¢:| -(B5)

1 rm—p

On expansion by the sum and.difference formulas of trigo-

nometry and-with the use of the fact that mé=2mx, it is
found that
sin (rm-Fn) %=(—1)’ sin B,,é
(Bo)

sin (rm—~n) %=(-—l)’“ sin 3—?

When equations (B6) are substituted info equation (B5),
the following relationship results:

] /// bas sinn (j—}- )‘Eﬂ b sin "26 %SI“r(;:—li:*;z"M -+
’ i\‘sm (rm—n)¢

/~ rm—n

mb sin ™8 716 E sin (rrn-}-n)g

rm--n ®B7

Y. —cy

From the- first of equations (B2) it- is seen that if- the

tangential-loading on the ring is given by the right-hand-

side of equation (B7) then the bending moment in that

359282—56——4

ring is

MG $)=R* 2 b sin 53 S T1 (n,8) (BS)

where ;
cos nn+1Q
ILg)= E L (rEny? (e n)i=1)

Equation (B8) gives the bending moment in a ring which
carries a tangential load distributed according to one term
of the series of cquation (B1). When-the ring is loaded by
the sum of such stepwise terms, as in equation (Bi), then

the moment is given by a sum of terms like (B8). The
bending moment in ring ¢ is-therefore
___ m—l
MG = z; 12 b sm*II, e (B9

For completeness, the expressions for axial thrust and
transverse shear can be written in a similar manner—

m m-l

T3, ¢)-— Z} Rﬂ b,.ﬁsm - Kl (n,¢)

m m—l
gor
m

V(1,¢)—- Z) R — busin **Ll (n,¢)
where (
&\ COS rm+n)¢
I(l ("1¢)_" 2. (rm+n)’-1
= sinfming
La(n.9) “,23,, (rm~-n) [(rm~-n)*—1)
SHEAR PERTURBATION LOAD
In the case-of -the shear perturbation load, the tangential
loading on ring-i.is given by the finite-trigonometric series
;;!0,1":!
Fo=quy= Q= ZZ @ €OS NjS (B10)
(L
where
=4 ‘.‘:f-ﬁl n=2)

2L, sin ";

Equation (B10) can be treated in a-manner analogous to
the handling of equation (B1). That is, cach term of the
series in equation (1310) can be expanded in a Fourier series.
Then the moment, thrust, and shear in the ring are written
immedintely.

Analogous to-cquation (B3}, write

(Upt €08 NJE= 3 3{Cr)nt COS rp (B11)
ren

where, now. the angle ¢ is as shown in figure 12 (b). If hoth

sides of equation (B11) are multiplied by cos l$ and inte-

grated from 0.to 2w, there results for the Fourier cocflicients:

Y I8
2sing o,
(Cdni=—" ut ;3 03 1j5 cos Ljs
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In order to minimize-the stress energy -it- is necessary to
investigate the following definite integrals:

;L " Hi 0,9 1 0,8) dg

= i,h,_z"_:mpu cos (rm-t-n)¢ .i",.l)" cos -+ ¢dp  (C1)
and 7
ATy AT

=Lzr—f_'_} (~1YD,asin rm=-n)e i (~1)'D,;sin (sm-+)odé
(C2)

T —

where

D, 1
" rmAn) {rm )1

and where integers n and [-are limited to the following ranges:

1

. Consider the relation (Ct). The right-hand side can be
} written

1

f

i

R2Rp I

=y

D [ﬁh cos (rm--n—gm—N¢ dp4-

1| -

i Jm cos(rm-i-n-}-sm—i—[)d,d.ﬁ:l,

i
x l ® o
’ =5 '2 2 DuD:x (5m+n.m+l+5m+n. i) 27
) 2 gene pumw
A
-1
i
~
It

24 REPORT 1251-~NATIONAL ADVISORY- COMMITIEE FOR AERONAUTICS
It ¢an be shown (sce-ref, 7) that Similarly, thrust-and shear are
m=t
:ELos njs cos IJ&———- J.-.+J.+.) For "'"'
1(!,¢)=-' E II--a,.. sm—-K,(n,d»)
50 the=nth term of the tangential londing on-the ring is nd
ang
sml‘E Bor ...2..‘
Qyi €OS n.zb==--u,.:E(Jn-. i-Ju.. "T” cos lp (B12) V{,¢)= Z) Is’——-a,,gsm b L;(u,¢)
This summation becomes where
- ) w Mmoo .onh & , cos (rm=+n)¢ = v sin(rm-tme¢
)?’/ @y COS n]&-—;- duesinl 5 ,?;‘,“ (—1) W Hn.$) ,..E_,,( D) (rm-n)((rm-+-n)*—1)
|
which corresponds to equation (B7). Then the bending K. = l,Slll(""!""l)d’ ;
moment is {n,4) ,.Z.>m( ) rmnyf=1 !
iy (rmtn) 1
= — z_ ho . = S (1Y - 08 ':'l'._._"...dl.._w '
M@, )= E R a,..sm II,(n,dy) (B13) Li(n,¢) '_f‘:,o( y GG
APPENDIX C

EVALUATION OF DEFINITE INTEGRALS

Now, by virtue of the limited range-of the integers n and L.
the following relations can be written:

/
Srmaom, m+l=5,_ ,Q;5=6naln e/
Stma m, -:m-l:a,. _,_'{j=59-7-15,. ::_5"'5% \,."// )
Thus, when 25n ',—':: equation (C1) vields
"2y
Jo I u$) 11, ,9) dg=0 @=n)
=3 Dir=Sa (=)
Fowrmct
1If n=1",-l; the-following equation is obtained:
f I, (’n, ¢) H, (—'r ¢) (Ié— 2 (D +D “D—I-l.—->
Since
i
1 :
D owe o e )
BERE (-—rm-m-f-%i) [(mrm—-m-{-%)i—l] :
(—Jm———) [( rm-———) —-1]
) !

- m
it is found that when n=g

J 1(58) th () do=2 35 D, x2Sy
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STRESS ANALYSIS OF CIRCULAR SEMIMONOCOQUE CYLINDERS WITH CUTOUTS 25 ! -
+ b
To summarize, then, Thus. the definite integral (C2) gives precisely the same Y
. result as (C1) :
Hn,o)IL(,¢)dp=0 ({#n) v2y } ’
J; ‘Jo H:(n, ¢)I1,(l, $)do=0 (I5n) z PY " Py
—_ — L - et
=814, ) (=0 =S, ) (=n) i
7 g (X p
ny n
Consider the relation (C2). It iz handled in o manner The sum | ' )
analogous to thetreatment of (C1). Equation (C2) can be - D, = S, S, : /]
written S .go. " rf-"'- {(rm=n)*(rm - ny' =1 - %
. . - [ 3
e can be expressed in elosed form with the nid of formula ' ’
J Iy(n, )TN 6.495, number 2, reference 10, The result. is
0 § A
- 1. 5 24-cos né st 82 ¢OS nd ¢o8 §—1 :
= — M), X - 0} — S R Ut . o t p
“,_i;:w ,_2_:,( 1Y Dea(—~1) U"g(‘s'""*"-"'“ Srmpn, ~am=1)2% “=12(l—cos nd) ' 1=—cos nd 4 (cos né—cos 5)* "
e 5 ésins T & .
='-E-* ’?‘3” (—1)'(—'l)’DmD.l(&r&ul—-G,,-7-15"'_,%6“,% x T cos ni—cos s i ;
2 s k
However, the series form of S, beeause of its rapid- con- ) ]
. m vergence,-may be more convenient than the closed form for 3
1‘01_2§"<:)_1, ergence,-may b enient- t e closed form { ;
2 use m computation, .
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STRESS ANALYSIS OF CIRCULAR SEMIMONOCOQUE CYLINDERS WITH CUTOUTS
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